The generalized Burnside rings with respect to a collection of self-normalizing subgroups  by Oda, Fumihito & Sawabe, Masato
Journal of Algebra 334 (2011) 219–231Contents lists available at ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
The generalized Burnside rings with respect to a collection
of self-normalizing subgroups
Fumihito Oda a,∗,1, Masato Sawabe b,2
a Department of Mathematical Sciences, Faculty of Science, Kojirakawa-machi 1-4-12, Yamagata 990-8560, Japan
b Department of Mathematics, Faculty of Education, Chiba University, Inage-ku Yayoi-cho 1-33, Chiba 263-8522, Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 22 September 2010
Available online 20 February 2011
Communicated by Michel Broué
Keywords:
Generalized Burnside ring
Self-normalizing subgroups
p-Radical subgroups
Euler characteristic
In this paper, we study the generalized Burnside ring Ω(G,D)
with respect to a collection D of self-normalizing subgroups. It is
shown that the ordinary Burnside ring Ω(G) can be decomposed
into Ω(G,D) and the kernel of a certain ring homomorphism ρD .
A basis of KerρD is also investigated. Furthermore we give a for-
mula for the unit IGD of Ω(G,D), which is related with the Euler
characteristic. As example, we take D as a collection of the nor-
malizers of certain p-radical subgroups of G . Then the unit IGD is
realized as the Lefschetz invariant of the order complex of D.
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1. Introduction
Let G be a ﬁnite group, and D a collection of subgroups of G , and R a commutative ring with the
unit. The generalized Burnside ring R ⊗Z Ω(G,D) (GBR for short) has been introduced by Yoshida
[Yo90]. In this paper, we restrict our attention to a collection D consisting of self-normalizing sub-
groups (say, condition (SN)), and study various properties of the GBR Ω(G,D) over the coeﬃcient
ring Z. One of the main purposes of the paper is to show the following.
Theorem 1. Let D be a collection of self-normalizing subgroups of G. Then there is a unique ring homomor-
phism ρD from Ω(G) to the GBR Ω(G,D) such that the diagram
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ϕ
ρD
Ω(G,D)
ϕD
Ω˜(G)
πD
Ω˜(G,D)
of rings is commutative. Here ϕ and ϕD are the mark homomorphisms, and πD is the projection with respect
to D. Moreover, the homomorphism ρD is split surjective.
This paper is organized as follows: In Section 2, we recall some deﬁnitions and fundamental facts
from the theory of the GBR of [Yo90]. In Section 3, it is shown that under (SN) the ordinary Burnside
ring Ω(G) is decomposed into the GBR Ω(G,D) and the kernel KerρD of a certain ring homomor-
phism ρD (Theorem 1). Some properties of Ω(G,D) are also stated. In Section 4, we construct a basis
of KerρD . In Section 5, we investigate the unit IGD of the GBR Ω(G,D) assuming (SN). In particular,
a formula of IGD is given, and further we see that the degree of the generalized character afforded by
IGD is equal to the Euler characteristic of the order complex (D) of D. In Section 6, a relationship
between the primitive idempotents of Ω(G) and those of the GBR Ω(G,D) under (SN) is considered.
The ﬁnal Section 7 is kind of example of a collection D of self-normalizing subgroups. Speciﬁcally,
we take D as a collection of the normalizers of certain p-radical subgroups, and assuming suitable
hypotheses it is shown that the unit IGD is realized as the Lefschetz invariant of (D). Furthermore
we also discuss a relation between the GBR Ω(G,D) and the Möbius algebra of a poset.
1.1. Notation
Let G be a ﬁnite group, p a prime divisor of the order of G , and H a subgroup of G . Denote by
Gp a Sylow p-subgroup of G, and by WG(H) (or just WH for short) the quotient group NG(H)/H
called the Weyl group of H in G . Let (H) be the set of all G-conjugate subgroups of H ; that is,
(H) := {g H | g ∈ G} where g H := gHg−1 for g ∈ G . If X is a ﬁnite G-set, write [X] for the isomorphism
class of ﬁnite G-sets containing X , and if X is a ﬁnite set, write |X | for the cardinality of X . Let D be
a collection of subgroups of G; which means that D is a family of subgroups of G closed under G-
conjugation. The notation D( H) (resp. D( H)) stands for the set of all elements D of D such that
D  H (resp. D  H). Denote by C(D) the set of G-conjugacy classes of D; namely C(D) = {(H) |
H ∈ D}. The ordering  on C(D) is deﬁned as (H) (K ) if there exists x ∈ G such that H  xK . The
Möbius function on the poset D with respect to inclusion-relation is denoted by μD . In this paper,
we call a ring with the unit (identity element) unital ring.
2. Preliminaries
Let D be a collection of subgroups of a ﬁnite group G . In this section, we will review some basic
concepts on the generalized Burnside ring R ⊗Z Ω(G,D) of G with respect to D over a commutative
unital ring R (see [Yo90] for the full detail).
2.1. The mark homomorphism
Let Ω(G,D) be the submodule of the ordinary Burnside ring Ω(G) of G generated by elements
[G/H] for H in D. Then Ω(G,D) is a free Z-module with basis {[G/H] | (H) ∈ C(D)}. The ordinary
Burnside ring Ω(G) is deﬁned by Ω(G,Sgp(G)) for the totality Sgp(G) of all subgroups of G; namely,
it is deﬁned on all ﬁnite G-sets. In this case, the multiplication is deﬁned by the Cartesian product. Let
ϕS , for (S) ∈ C(D), denote the additive map from Ω(G,D) to Z deﬁned by ϕS ([G/H]) := |(G/H)S | =
|{gH ∈ G/H | S  g H}| where (G/H)S is the S-ﬁxed points of the G-set G/H . The mark homomorphism
is an additive homomorphism
ϕD : Ω(G,D) → Ω˜(G,D)
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product of copies of the ring Z indexed by C(D). We write Ω˜(G) for Ω˜(G,Sgp(G)), and denote by ϕ
for the mark homomorphism from Ω(G) to Ω˜(G); which is a ring homomorphism. For any elements
x ∈ Ω(G,D) and (S) ∈ D, we often write x(S) = ϕS(x).
Lemma 2. ([Yo90, Lemma 3.3]) Let D be a collection of subgroups of G. Then the mark homomorphism ϕD is
an injective additive homomorphism with a cokernel
CokerϕD ∼=
∏
(S)∈C(D)
(
Z/|W S|Z).
2.2. The generalized Burnside ring
Deﬁnition 1. ([Yo90, Deﬁnition 3.12]) Let R be a commutative unital ring. Suppose that an R-module
R ⊗Z Ω(G,D) satisﬁes the following two conditions:
(1) The map ϕRD := 1⊗ ϕD : R ⊗Z Ω(G,D) → R ⊗Z Ω˜(G,D) is injective.
(2) The image Im(ϕRD) of R ⊗Z Ω(G,D) by ϕRD is a unital subring of the commutative ring R ⊗Z
Ω˜(G,D).
Then R ⊗Z Ω(G,D) becomes a commutative unital ring with a multiplication “•” deﬁned by x • y =
(ϕRD)
−1(ϕRD(x)ϕ
R
D(y)) for x, y ∈ R ⊗Z Ω(G,D). We call this ring a generalized Burnside ring with respect
to D of G over R (see also Deﬁnition 1 in [OS09]).
Remark 1. It is clear that if R ⊗Z Ω(G,D) is realized as a GBR then ϕRD : R ⊗Z Ω(G,D) → R ⊗Z
Ω˜(G,D) becomes a ring homomorphism. In this paper, we write just ϕD := ϕZD if the coeﬃcient ring
is Z.
3. A decomposition of the Burnside ring Ω(G)
Let D be a collection of subgroups of G . In this section, we will see that the Burnside ring Ω(G)
can be decomposed into Ω(G,D) and the kernel of a certain ring homomorphism ρD for a self-
normalizing collection D.
3.1. Self-normalizing collection
Here we establish the following hypothesis on D, which will be crucial throughout the paper.
Hypothesis (SN). Any member of the collection D of subgroups of G is self-normalizing; that is,
NG(S) = S for any S ∈ D.
Lemma 2. The mark homomorphism ϕD is an additive isomorphism if and only if D satisﬁes (SN). In partic-
ular, under (SN) for D, Ω(G,D) is realized as a GBR.
Proof. If ϕD is an isomorphism, then CokerϕD is the trivial group by Lemma 2. Then we have
|W S| = 1 for any S ∈ D. This shows that the collection D satisﬁes the hypothesis (SN). The converse
is now trivial. Moreover the realization of the GBR follows from its deﬁnition directly. 
Remark 2. In [OS09] we pointed out that Ω(G,D) becomes a GBR under (SN) via the technical con-
ditions (C)p or (C)∞ introduced by Yoshida [Yo90]. On the other hand, Yoshida showed that the
second fundamental theorem ([Yo90, 8.3]) for Ω(G,D) holds without the conditions (C)p or (C)∞ .
Since Lemma 2 is obtained by the fundamental theorem also (because |WD| = 1 for a subgroup D
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uct
∏
(S)∈C(D)(Z/|W S|Z) of the quotient groups Z/|W S|Z for (S) ∈ D. The second Cauchy–Frobenius
homomorphism
ψ ′D : Ω˜(G,D) → Obs(G,D)
relative to a collection D is deﬁned by
ψ ′D(x) :=
(∑
T∈D
μD(S, T )mT mod |W S|
)
(S)∈C(D)
for any x= (mS )(S) ∈ Ω˜(G,D). The following lemma is the second fundamental theorem.
Lemma 3. ([Yo90, Theorem 8.3]) LetD be a collection of subgroups of G. Then the following sequence of abelian
group is exact:
0 → Ω(G,D) ϕD−→ Ω˜(G,D) ψ
′
D−→ Obs(G,D) → 0.
As consequence of Lemma 2, we have the following (see also Remark 1).
Lemma 4. Assume (SN) for D. Then the mark homomorphism ϕD : Ω(G,D) → Ω˜(G,D) is a ring isomor-
phism.
3.2. A decomposition into Ω(G,D)
Let ιD : Ω(G,D) → Ω(G) be the embedding, and πD : Ω˜(G) → Ω˜(G,D) be the projection with
respect to D. In order to prove Theorem 1, we need to show the next.
Lemma 5. The following diagram of modules is commutative:
Ω(G,D)
ϕD
ιD
Ω(G)
ϕ
Ω˜(G,D) Ω˜(G).
πD
Proof. For any H in D, we have that
πDϕιD
([G/H])= πDϕ([G/H])
= πD
((
ϕK
([G/H]))
(K )∈C(Sgp(G))
)
= (ϕK ([G/H]))(K )∈C(D).
Thus πDϕιD = ϕD holds. 
The following result on the part of the commutative diagram is already proved in [Yo90, Corol-
lary 6.4] as an application, under (C)p , of the Fundamental Theorem in [Yo90]. However if we assume
(SN) (that is stronger that (C)p), then we can give quite an elementary proof of this fact without using
the fundamental theorem.
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Ω(G,D) such that the diagram
Ω(G)
ϕ
ρD
Ω(G,D)
ϕD
Ω˜(G)
πD
Ω˜(G,D)
of rings is commutative. Moreover, ρDιD = idΩ(G,D) holds;which implies that the homomorphism ρD is split
surjective.
Proof. First of all, we have that Ω(G,D) is realized as a GBR by Lemma 2, and that the mark homo-
morphism ϕD : Ω(G,D) → Ω˜(G,D) is an isomorphism of rings by Lemma 4. Now in order to prove
the existence of ρD , it suﬃces to put ρD = ϕ−1D πDϕ . Hence we have a commutative diagram of rings
such that ϕDρD = πDϕ .
We will next show the uniqueness for ρD . Let ρ ′ be a homomorphism from Ω(G) to Ω(G,D)
satisfying ϕDρ ′ = πDϕ . Then we have that
ϕDρ ′(x) = πDϕ(x) = ϕDρD(x)
for any element x in Ω(G). Then the injectivity of ϕD shows that ρ ′(x) = ρD(x). This implies the
uniqueness of ρD .
Finally, we will show that ρDιD is the identity map of Ω(G,D). The relations πDϕιD = ϕD in
Lemma 5 and ϕDρD = πDϕ show that
ϕDρDιD = πDϕιD = ϕD,
hence ρDιD = idΩ(G,D) , by the injectivity of ϕD . The proof of Theorem 1 is complete. 
Corollary 1. Assume (SN) for D. Then the GBR Ω(G,D) is isomorphic to the quotient ring Ω(G)/KerρD .
Moreover, we have a decomposition
Ω(G) = KerρD ⊕ Ω(G,D)
as a direct sum of Z-submodules of the Burnside ring.
4. The kernel of ρD
Let D be a collection of subgroups of G . In this section, a basis of the kernel of ρD will be given.
We keep the notation of the preceding section, particularly ιD : Ω(G,D) → Ω(G) is the embedding,
and ρD : Ω(G) → Ω(G,D) the ring homomorphism obtained in Theorem 1.
Lemma 6. Assume (SN) forD. Then ιDρD([G/H]) = [G/H] for a subgroup H of G if and only if H is contained
in D.
Proof. Let H be a subgroup of G . By Theorem 1, ρDιD = idΩ(G,D) holds. Suppose now that H ∈ D.
Then
ρD
([G/H])= ρD(ιD([G/H]))= (ρDιD)([G/H])= [G/H].
This shows that ιDρD([G/H]) = [G/H].
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[G/K ] for (K ) ∈ C(D). Thus we have that ιDρD([G/H]) = ρD([G/H]) 
= [G/H]. The proof of the
lemma is complete. 
Theorem 2. Assume (SN) for D, and put κH := ιDρD([G/H]) − [G/H] ∈ Ω(G) for a subgroup H of G. Then
KD =
{
κH
∣∣ (H) ∈ C(Sgp(G) \ D)}
is a Z-basis of KerρD .
Proof. By Lemma 6, κH is a non-zero element for (H) ∈ C(Sgp(G) \ D). Moreover κH satisﬁes
ρD(κH ) = ρD
(
ιDρD
([G/H])− [G/H])= ρD([G/H])− ρD([G/H])= 0
by Theorem 1. Hence κH is contained in KerρD .
Next we will show that the elements κH in KD are linearly independent over Z. Suppose that∑
(H) aHκH = 0 where (H) runs through C(Sgp(G) \ D) and aH ∈ Z. Then we have that
∑
(H)
aH ιDρD
([G/H])=∑
(H)
aH [G/H]. (4.1)
Since ρD([G/H]) ∈ Ω(G,D), this is a linear combination of elements [G/K ] for (K ) ∈ C(D), and so is
the left hand side of Eq. (4.1). Hence the value of Eq. (4.1) is equal to zero. As the set
{[G/H] ∣∣ (H) ∈ C(Sgp(G) \ D)}
is linearly independent over Z, we obtain that aH = 0 for any (H) ∈ C(Sgp(G) \ D).
Then together with Corollary 1 we have that
|KD| =
∣∣C(Sgp(G))∣∣− ∣∣C(D)∣∣= rankZ Ω(G) − rankZ Ω(G,D) = rankZ KerρD.
The proof of the theorem is complete. 
5. The unit of Ω(G,D)
Let D be a collection of subgroups of G . In this section, we will investigate the unit IGD of the GBR
Ω(G,D) assuming (SN).
5.1. A formula of the unit
Let μD be the Möbius function of the poset D with respect to inclusion-relation. Yoshida showed
in [Yo90, Corollary 3.4] that Q ⊗Z Ω(G,D) is realized as a GBR for “any” collection D, and moreover
a formula of the unit of the GBR Q ⊗Z Ω(G,D) is determined as follows:
Lemma 7. ([Yo90, Corollary 4.4]) The unit IGD,Q of the GBR Q ⊗Z Ω(G,D) is represented as follows:
IGD,Q =
∑
(D)∈C(D)
1
|WD|
(∑
H∈D
μD(D, H)
)
[G/D].
Using the above formula, the unit of Ω(G,D) under (SN) is obtained immediately as follows.
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(1) The unit IGD of the GBR Ω(G,D) is equal to IGD,Q .
(2) The unit IGD is represented as follows:
IGD =
∑
(D)∈C(D)
(∑
H∈D
μD(D, H)
)
[G/D].
Proof. By Lemma 7, we have a formula of the unit I := IGD,Q of Q⊗Z Ω(G,D). Since Hypothesis (SN)
shows that |WD| = 1 for any D in D, I is contained in Ω(G,D). Thus we have that I = IGD . 
Proposition 2. Assume (SN) for D. Then the element ιD(IGD) − [G/G] of Ω(G) is contained in KerρD .
Proof. Since ρD is a ring homomorphism from Ω(G) to Ω(G,D), ρD([G/G]) is equal to the unit IGD
of Ω(G,D). On the other hand, we have that ρDιD(IGD) is equal to IGD by Theorem 1. Therefore we
obtain ρD(ιD(IGD) − [G/G]) = 0 as desired. 
5.2. A relation with the Euler characteristic
Recall that (D) is a simplicial complex deﬁned by strict inclusion-chains in the poset (D,) as
simplices. The following result is established for “any” collection D.
Theorem 3. The degree of the generalized character I˜GD,Q of G over Q afforded by the unit IGD,Q of the GBR
Q⊗ZΩ(G,D) is equal to the Euler characteristicχ((D)) of(D). In particular, 1⊗ϕ1(IGD,Q) = χ((D)).
Proof. Note that since D is a collection, μD(D, H) = μD(g D, g H) holds for any g ∈ G . Hence we
have that ∑
H∈D
μD(D, H) =
∑
H∈D
μD
(
D, g
−1
H
)= ∑
H∈D
μD(g D, H). (5.1)
Therefore, calculating the value at the identity 1G ∈ G , we get that
I˜GD,Q(1G) =
∑
(D)∈C(D)
1
|WD|
( ∑
H∈D
μD(D, H)
)
|G : D|
=
∑
(D)∈C(D)
∣∣G : NG(D)∣∣
( ∑
H∈D
μD(D, H)
)
=
∑
D∈D
( ∑
H∈D
μD(D, H)
)
(5.2)
= χ((D)), (5.3)
where Eq. (5.2) follows from Eq. (5.1), and [Yo83, Lemma 2.3] implies Eq. (5.3).
Since any element in Ω(G,D) is represented as a difference [X] − [Y ] for G-sets X and Y whose
stabilizers in G are contained in D and ϕ1(X) is the cardinality of X , the degree of the generalized
character θ˜ of G over Q afforded by an element θ in Q ⊗Z Ω(G,D) is equal to 1 ⊗ ϕ1(θ). Thus
1⊗ ϕ1(IGD,Q) = χ((D)) holds. The proof of the theorem is complete. 
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Corollary 2. Assume (SN) for D. Then the degree of the generalized character I˜GD of G over Q afforded by the
unit IGD of the GBR Ω(G,D) is equal to the Euler characteristic χ((D)) of (D).
Proof. By Theorem 3, we have that I˜GD,Q(1G) = χ((D)). But by Proposition 1, we have that IGD =
IGD,Q under (SN), so the corollary holds. 
Remark 3. Some general results and references concerning to the Euler characteristic for certain col-
lections of subgroups of a ﬁnite group can be found in [Bo00].
6. Idempotents
Let D be a collection of subgroups of G . In this section, we will discuss the relationship between
the primitive idempotents of the Burnside ring Ω(G) and those of the GBR Ω(G,D). Now denote by
eDH ∈ Q ⊗Z Ω(G,D) the inverse image by a Q-algebra isomorphism
ϕ
Q
D : Q ⊗Z Ω(G,D) →
∏
(H)∈C(D)
Q ⊗Z Ω˜(G,D)
of the canonical Q-base element indexed by (H) ∈ C(D). These elements satisfy
ϕ
Q
K
(
eDH
)= {1 if (H) = (K ),
0 otherwise .
Then {eDH | (H) ∈ C(D)} forms a set of all primitive idempotents of Q ⊗Z Ω(G,D). In case of D =
Sgp(G), we write by just eH for eDH . For a subgroup H of G , eH has been computed explicitly by
Gluck [Gl81], Yoshida [Yo83]. Denote by H∞ the last term of the derived series of a subgroup H of G .
Now the primitive idempotents of Ω(G) are parametrized by perfect subgroups of G as follows.
Lemma 8 (Dress). Let G be a ﬁnite group. If Q is a perfect subgroup of G, set
f Q =
∑
(H)∈C(Sgp(G))
H∞=Q
eH .
Then the set of elements f Q , for a conjugacy class (Q ) ∈ C(Sgp(G)) of perfect subgroups, is the set of primitive
idempotents of Ω(G). In particular, the set of primitive idempotents of Ω(G) is in one to one correspondence
with the set of conjugacy classes of perfect subgroups of G. The group G is solvable if and only if [G/G] is a
primitive idempotent of Ω(G).
Recall that ρD : Ω(G) → Ω(G,D) is the ring homomorphism obtained in Theorem 1. Then a sim-
ilar relation holds for the GBR Ω(G,D).
Theorem 4. Assume (SN) for D. Let f Q be a primitive idempotent of Ω(G) for a perfect subgroup Q of G.
Then
ρD( f Q ) =
∑
(H)∈C(D)
H∞=Q
eDH .
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wise for (S) ∈ C(Sgp(G)). It follows that the (S)-component of πDϕ( f Q ) in Ω˜(G,D) is equal to 1
if (S∞) = (Q ), or 0 otherwise for (S) ∈ C(D). Since ϕDρD = πDϕ by Theorem 1, we have that the
(S)-component of ϕDρD( f Q ) in Ω˜(G,D) is equal to 1 if (S∞) = (Q ), or 0 otherwise for (S) ∈ C(D).
This shows the theorem. 
As in the following, Theorem 4 tells us that when the primitive idempotent f Q ∈ Ω(G) is con-
tained in the kernel of ρD .
Corollary 3. Assume (SN) for D. Let Q be a perfect subgroup of G. Assume that H∞ 
= Q for any H ∈ D. Then
(1) f Q is contained in KerρD .
(2) Let x be an element of Ω(G) such that f Q x = x. Then x is contained in KerρD .
Proof. From the description of ρD( f Q ) in Theorem 4 and also our assumption on Q , we have that
ρD( f Q ) = 0. Thus f Q ∈ KerρD . Furthermore since the kernel is an ideal of Ω(G), any element x ∈
Ω(G) with x = f Q x is contained in KerρD . 
7. Examples of self-normalizing collection
So far, we studied the GBR Ω(G,D) with respect to a collection D of self-normalizing subgroups
of G . Maybe such D can be taken in various choices; like in maximal subgroups for example. But here
we restrict our attention to a self-normalizing collection related with “p-radicals”. Their importance
already appeared in modular representation theory, subgroup complexes, fusion systems, and so on.
In this section, we will deal with a certain collection D of self-normalizing subgroups coming
from p-radicals. It will be shown, under suitable hypotheses, that the unit of Ω(G,D) is realized as
the Lefschetz invariant ΛG((D)) of the order complex (D) of D. Then as consequence of Propo-
sition 2, the reduced Lefschetz invariant ΛG((D)) − [G/G] is contained in the kernel KerρD of the
ring homomorphism ρD considered in Theorem 1. Moreover we will see that the GBR Ω(G,D) is
isomorphic to the Möbius algebra of the power set for an index set I .
7.1. The normalizers of p-radicals
A p-subgroup U of G is called p-radical if it satisﬁes O p(NG(U )) = U . Denote by Bp(G) the set of
all p-radicals of G but excluding the smallest p-radical O p(G). It is clear from the deﬁnition that the
normalizer NG(U ) of U ∈ Bp(G) is self-normalizing. Thus, for any collection A ⊆ Bp(G), we have a
self-normalizing collection DA = {NG(U ) | U ∈ A}, so that it can be immediately applied to the results
proved in the previous sections. For example
• Ω(G) = KerρDA ⊕ Ω(G,DA); Corollary 1.
• IGDA =
∑
(D)∈C(DA)(
∑
H∈DA μDA(D, H))[G/D]; Proposition 1.
However we will next consider such DA by restricting the subgroup structure of members in A.
7.2. Special setting
Let X ⊆ Bp(G) be a collection, and denote by Xmin the set of all minimal elements in X with re-
spect to inclusion-relation. For a ﬁxed Sylow p-subgroup P of G , we set Xmin( P ) = {U1,U2, . . . ,U},
where I = {1, . . . , } is an index set. For each i ∈ I , we denote Gi = NG(Ui). Moreover for ∅ 
= F ⊆ I ,
deﬁne subgroups UF = 〈Ui | i ∈ F 〉 and GF =⋂i∈F Gi . Then we set our collection of subgroups as
follows:
NG(X) :=
{gNG(UF ) ∣∣ g ∈ G, ∅ 
= F ⊆ I}.
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= F ⊆ I, UF ∈ X ⊆ Bp(G).
Remark 4. Assume (P). Then NG(X) is a self-normalizing collection. In particular, using the notation
in Section 7.1, we have that NG(X) = DA for A = {gU F | g ∈ G, ∅ 
= F ⊆ I} ⊆ Bp(G). So various results
in the previous sections hold for this collection too.
Hypothesis (W). For each i ∈ I , if gUi  P for some g ∈ G then gUi = Ui . In this case, we say that Ui
is weakly closed in P with respect to G .
Remark 5. Assume (W).
(1) For any ∅ 
= F ⊆ I , UF is also weakly closed in P . In particular, P  NG(UF ).
(2) By [Sa03, Lemma 1], NG(UF ) = GF holds. Thus, in this case, we have a different expression of
NG(X) as follows:
GI := NG(X) =
{gG F ∣∣ g ∈ G, ∅ 
= F ⊆ I}.
Remark 6. Assume (P) and (W).
(1) For any ∅ 
= F ⊆ I , the condition GI  xG F for some x ∈ G implies xG F = GF . Indeed, suppose
that NG(U I ) = GI  xG F = NG(xU F ) =: M then xU F = O p(M) U I  P since both U I and UF are
p-radical by (P). Thus by (W), x ∈ NG(UF ) = GF .
(2) For (S), (T ) ∈ C(GI ), we have the following (cf. [OS09, Theorem 1]).
ϕT
([G/S])= {1 if (T ) (S),
0 otherwise.
Hypothesis (H). For ∅ 
= J , K ⊆ I , if G J = GK then J = K .
Remark 7. Assume (P), (W), and (H).
(1) We have that (GK ) (G J ) if and only if J ⊆ K . Indeed, suppose that GK  xG J for some x ∈ G .
Then by Remark 6, we have that xG J = G J , and so GK  G J . It follows that GK = GK ∩G J = GK∪ J ,
and then by (H) K ∪ J = K . Thus J ⊆ K .
(2) C(GI ) = {(GF ) | ∅ 
= F ⊆ I}; which is opposite isomorphic to 2I \ {∅} as posets.
(3) If J ⊆ K then we have that {H ∈ GI | GK  H  G J } = {GS | J ⊆ S ⊆ K }; which is opposite iso-
morphic to {S ∈ 2I | J ⊆ S ⊆ K } as posets.
7.3. The unit of Ω(G,GI ) and the Lefschetz invariant
Let  be a G-simplicial complex, and let q (q  0) be the set of all q-simplices of . Then the
Lefschetz invariant ΛG() of  (cf. [Th87]) is deﬁned to be
ΛG() =
dim()∑
q=0
(−1)q[q] ∈ Ω(G)
where q is viewed as a ﬁnite G-set. Now let q/G be a complete set of representatives of q on
which G acts, then we have that
[q] =
∑
σ∈q/G
[G/Gσ ]
F. Oda, M. Sawabe / Journal of Algebra 334 (2011) 219–231 229where Gσ is the stabilizer in G of σ . It follows that ΛG() is also described as follows:
ΛG() =
∑
σ∈/G
(−1)dim(σ )[G/Gσ ].
The next result shows that the unit of Ω(G,GI ) is realized as the Lefschetz invariant of order
complex.
Theorem 5. Assume (P), (W), and (H). Then
(1) The unit IGGI of the GBR Ω(G,GI ) is expressed as follows:
IGGI =
∑
∅
=K⊆I
∑
∅
= J⊆I
μGI (GK ,G J )[G/GK ]
=
∑
∅
=K⊆I
(−1)|K |−1[G/GK ].
(2) The unit IGGI coincides with the Lefschetz invariant ΛG((GI )) where (GI ) is the order complex of
(GI ,).
(3) The reduced Lefschetz invariant ΛG((GI )) − [G/G] is contained in KerρGI .
Proof. (1) By Proposition 1, IGGI is given by
IGGI =
∑
(D)∈C(GI )
( ∑
H∈GI
μGI (D, H)
)
[G/D].
But since C(GI ) = {GF | ∅ 
= F ⊆ I} by Remark 7, we have that
IGGI =
∑
∅
=K⊆I
( ∑
H∈GI
μGI (GK , H)
)
[G/GK ].
So it suﬃces to consider the coeﬃcient βK of [G/GK ]. Then Remark 7 tells us that
∑
t¯∈G/NG (G J )
μGI
(
GK ,
tG J
)= {μGI (GK ,G J ) if J ⊆ K ,
0 if J 
⊆ K .
This yields that
βK =
∑
∅
= J⊆K
μGI (GK ,G J ) =
∑
∅
= J⊆I
μGI (GK ,G J ),
and this shows the ﬁrst equality of the assertion. On the other hand, it is well known that the Möbius
function on the power set 2I of I is as follows (cf. [St97, 3.8.3]):
μ2I ( J , K ) =
{
(−1)|K− J | if J ⊆ K ,
0 if J 
⊆ K .
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other by Remark 7, so we have that μGI (GK ,G J ) = μ2I ( J , K ). Thus the coeﬃcient βK is also ex-
pressed as follows:
βK =
∑
∅
= J⊆K
(−1)|K− J | =
k∑
j=1
∑
J⊆K
∑
| J |= j
(−1)k− j =
k∑
j=1
(−1)k− j
(
k
j
)
,
where k := |K |. It is obvious that the last term is equal to (−1)k−1.
(2) For a q-simplex σ = (x0G J0 < x1G J1 < · · · < xq G Jq ) ∈ (GI ), we have, by Remark 6, that σ =
x0 (σ J0 J1··· Jq ) where σ J0 J1··· Jq = (G J0 < G J1 < · · · < G Jq ). This shows that
(GI )/G = {σ J0 J1··· Jq | ∅ 
= Jq ⊂ · · · ⊂ J1 ⊂ J0 ⊆ I, q 0}.
Furthermore since GI is a self-normalizing collection, we have the stabilizer Gσ J0 J1 ··· Jq = G J0 ∩ G J1 ∩· · · ∩ G Jq = G J0∪ J1∪···∪ Jq = G J0 . Now let  J ,K := {σ ∈ (GI ) | σ = (GK < · · · < G J )} for ∅ 
= J ⊆ K ⊆ I .
Then
ΛG
(
(GI )
)= ∑
σ∈(GI )/G
(−1)dim(σ )[G/Gσ ]
=
∑
∅
=K⊆I
( ∑
∅
= J⊆K
∑
σ∈ J ,K
(−1)dim(σ )
)
[G/GK ]
=
∑
∅
=K⊆I
( ∑
∅
= J⊆K
∑
k0
∑
σ∈ J ,K
dim(σ )=k
(−1)k
)
[G/GK ]
=
∑
∅
=K⊆I
( ∑
∅
= J⊆K
∑
k0
(−1)kηk2I ( J , K )
)
[G/GK ]
where η2I is the chain-function on the poset (2
I ,⊆) (cf. [Ai79, p. 141]), and ηk
2I
( J , K ) gives the
number of “ J , K -chains” in (2I ,⊆) of dimension k; that is, ηk
2I
( J , K ) = |{σ ∈  J ,K | dim(σ ) = k}|
(cf. [Ai79, Proposition 4.8]). Since μ2I =
∑
k0(−1)kηk2I by [Ai79, Corollary 4.12], we have that∑
k0(−1)kηk2I ( J , K ) = μ2I ( J , K ) = μGI (GK ,G J ). Thus ΛG((GI )) = IGGI holds.
(3) The assertion follows from Proposition 2. This completes the proof. 
Remark 8. If G is a ﬁnite group of Lie type in characteristic p, then we can take, as X ⊆ Bp(G)
satisfying (P), (W), (H), the whole Bp(G) of all non-trivial unipotent radicals for G . Then our GI is the
collection of all proper parabolic subgroups of G . If G is the Mathieu group M24, the Conway group
Co1, or the Monster M , then we can take, as X ⊆ B2(G) satisfying the three hypotheses, the collection
of all 2-radical and 2-centric subgroups of G (see also [OS09, Section 4.3]). Here a p-subgroup U of
a ﬁnite group G is called p-centric if Z(U ) is a Sylow p-subgroup of CG (U ). Then, in those cases, the
unit IGGI of the GBR Ω(G,GI ) is realized as the Lefschetz invariant ΛG((GI )) by Theorem 5.
7.4. A relation with the Möbius algebra
Proposition 3. Assume (P), (W), and (H). Then the GBR Ω(G,GI ) is isomorphic to the Möbius algebra M(Q)
of the power set Q := (2I \ {∅},⊆).
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[Yo83] introduced into Z[P] the notion of the Burnside ring of P . In fact, he deﬁned more exactly
the Burnside ring Z[A] of a ﬁnite skeletal category A. It is shown in [Yo83, Theorem 2] that Z[P] is
isomorphic, as rings, to the Möbius algebra M(P) of P , and that a map
f : Z[P] → Ω˜(G,GI )
deﬁned by
f
(
(H)
) := (α(K ),(H))(K )∈C(GI )
for a base element (H) ∈ C(GI ) of Z[P] induces a ring isomorphism between the two. Here α(K ),(H) :=
|HomP ((K ), (H))| ∈ Z is the cardinality of a Hom-set of the small category deﬁned by P .
On the other hand, since GI = NG(X) is a self-normalizing collection, the mark homomorphism
ϕGI : Ω(G,GI ) → Ω˜(G,GI ) gives a ring isomorphism by Lemma 2. Thus we get M(P) ∼= Z[P] ∼=
Ω(G,GI ). Furthermore by Remark 7, P and (2I \ {∅},⊆) is isomorphic each other as posets. The
proof is complete. 
Remark 9. From the deﬁnition of the small category associated with a poset, the above value α(K ),(H)
is 1 if (K )  (H) in C(GI ), or 0 otherwise. So by Remark 6, we have that f ((H)) = ϕGI ([G/H]) for
any (H) ∈ C(GI ).
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